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Abstract. We prove Heyneman-Radford Theorem in the framework of Monoidal Categories. 



Introduction 

This paper is devoted to the proof of the Heyneman-Radford Theorem for Monoidal Categories. 
The original Heyneman-Radford's Theorem (see |HRI Proposition 2.4.2] or |Mol Theorem 5.3.1, 
page 65]) is a very useful tool in classical Hopf algebra theory. We also point out that our proof 
is pretty different from the classical one and hence might be of some interest even in the classical 



Notations. Let [{X, ix)] be a subobject of an object E in an abelian category A4, where 
ix = ix '■ X > E is a monomorphism and [(X, ix)] is the associated equivalence class. By abuse 
of language, we will say that (X,ix) is a subobject of E and we will write (X,ix) — (Y,iy) to 
mean that (Y,iy) € [(X, ix)]- The same convention applies to cokernels. If (X, ix) is a subobject 
of E then we will write (E/X,px) = Coker(ix), where px — P x '■ E ~~ * E/X. 
Let (Xi,i^l ) be a subobject of Yi and let (X 2 ,i^? 2 ) be a subobject of Y 2 . Let x : X\ — > X 2 and 
y : Y\ — > Y 2 be morphisms such that y o — i^ o x. Then there exists a unique morphism, which 
we denote by y/x = f : Y 1 /X 1 -> iy^2, such that | op^ = o y: 




1. Wedge products in Monoidal Categories 

1.1. Let us recall that a monoidal category is a category A4 that is endowed with a functor 
(g> : .M x — > A^, an object 1 e M and functorial isomorphisms: a x ,Y,z '■ (X ® Y) ^ — > 
X (Y <g> Z), Zx : 1 (8) X — > X and rx : X ® 1 — > X. The functorial morphism a is called the 
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associativity constraint and satisfies the Pentagon Axiom, that is the following diagram 
((17 ® V) ® W) ® X au,v ' w<S, > (U ®{V ®W))®X 



OL u ® V, w, x cx u, V ® W. X 




(C7 ® V) ® (W ® X) U ® ((V ® W) ® X) 




(v is (jy ®x)) 

is commutative, for every {/, V, W, X in A4. The morphisms I and r are called the unit constraints 
and they are assumed to satisfy the Triangle Axiom, i.e. the following diagram 

a V 1 w 

(V®1)®W — V < 




is commutative. The object 1 is called the unit of M. For details on monoidal categories we refer 
to |Kal Chapter XI] and |Maj| . A monoidal category is called strict if the associativity constraint 
and unit constraints are the corresponding identity morphisms. 



1.2. As it is noticed in |Maj[ p. 420], the Pentagon Axiom solves the consistency problem that 
appears because there are two ways to go from ((U ® V) ® W) ® X to U ® (V ® (W <& X)). The 
coherence theorem, due to S. Mac Lane, solves the similar problem for the tensor product of an 
arbitrary number of objects in A4. Accordingly with this theorem, we can always omit all brackets 
and simply write Xi ® • • • ® X ra for any object obtained from X\, . . . , X„ by using ® and brackets. 
Also as a consequence of the coherence theorem, the morphisms a, I, r take care of themselves, so 
they can be omitted in any computation involving morphisms in M.. 

The notions of algebra, module over an algebra, coalgebra and comodule over a coalgebra can be 
introduced in the general setting of monoidal categories. For more details, see |AMS2 . 

We quote from jAMSH 2.4] the following definition. We remark that, in this context, we prefer 
to use the word "coabelian" instead of "abelian". 

Definition 1.3. A monoidal category (M,®, 1) will be called a coabelian monoidal category 
if: 

(1) M. is an abelian category 

(2) both the functors X ® (-) : M — > M and (-) ® X : M — > M arc additive and left exact, 
for every object X € M.. 

1.4. Let E be a coalgebra in a coabelian monoidal category A4. 

Let us recall, (see |Mol page 60]), the definition of wedge of two subobjects X,Y of E in A4 : 

(X A B y,if AeY ) := Ker[( Px <E) p Y ) ° A E ], 

where px '■ E — > E/X and py ■ E — * E/Y are the canonical quotient maps. In particular we have 
the following exact sequence: 

■ E 

^ XA E Y > E — *■ E/X ® E/Y. 
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Consider the following commutative diagrams in M. 




where e is a coalgebra homomorphism. Then there is a unique morphism x A e y : X\ Ae 1 Y\ 
X 2 Ae 2 Y 2 such that the following diagram 



X x A El Y x 

xA e y : 

y 

X 2 Ae 2 Y 2 



Ex 



K 2 A E 2 Y % 



commutes. In fact we have 



bf 2 2 ^f)oA B2 oeo*^ iAEi 



(pl 2 2 ®pg)«Me)oA £l o^ iAEiyi 

(~ ® 7) (Pxl ® ) A ^ = 

jj y 



so that, since (X 2 Ae 2 Y 2 ,ix 2 2 A B y 3 ) ^ s tne kernel of (p^ <8>?3y 2 2 ) A^ 2 , we conclude. 
Lemma 1.5. Consider the following commutative diagrams in M 




where e and e' are coalgebra homomorphisms. Then we have 

(1) (x' Ae' y') o (x A e y) = [x'x A e > e y'y) 

Proof. : straightforward. 

We now recall some definitions and some (standard) results established in |AMS1 . 
1.6. Let X be an object in a coabelian monoidal category (A4, ®, 1). Set 



X, for every n > 1 



□ 



X®° = 1, X® 1 = X and X® n = X®"" 

and for every morphism / : X — > Y in A4, set 

/® =Ida, f® 1 = f and /® n = Z®"" 1 (8) /, for every n > 1. 

Let (C, Ac, £c) be a coalgebra in and for every n € N, define the n th iterated comultiplication 
ofC, 

A c : C -> C®" +1 , 

by 

A c = Idc, A c = Ac and A c = (A®™ -1 ® C) Ac, for every n > 1. 
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Let S : D — > E be a monomorphism which is a homomorphism of coalgebras in Ai. Denote by (L,p) 
the cokernel of 6 in Ai. Regard D as a i?-bicomodule via S and observe that L is a -E-bicomodulc 
and p is a morphism of bicomodules. Let 

(D A 'z,8 n ) ker^A^" 1 ) 

for any n E N \ {0}. Note that (D a e ,6^ = (D, 5) and {D a b ,S 2 ) = D A E D. 
In order to simplify the notations we set (-D Ae , Sq) = (0, 0). 

Now, since Ai has left exact tensor functors and since p® n A^T 1 is a morphism of £?-bicomodules (as 
a composition of morphisms of i?-bicomodules) , we get that D a e is a coalgebra and S n : D a e — » £7 
is a coalgebra homomorphism for any n > and hence for any n G N. 

Proposition 1.7. [AMS11 Proposition 1.10] Let 5 : D — > £7 fee a monomorphism which is a 
morphism of coalgebras in a coabelian monoidal category Ai . Then, for any i < j in N, there is a 
(unique) morphism £f : D A ' E -> D a -e such that 

(2) ^|=^- 

Moreover £| zs a coalgebra homomorphism and ((D A E) ie ^ J (£l)i,jef$) is a direct system in Ai whose 
direct limit, if it exists, carries a natural coalgebra structure that makes it the direct limit of 
((D AE )j 6 N, (£f )i,jeN) as a direct system of coalgebras. 

PROPOSITION 1.8. |AMS1I Proposition 2.17] Let 5 : D — > E be a monomorphism which is a 
coalgebra homomorphism in a coabelian monoidal category Ai. Then we have 

(3) (23*» A E D A *,i^ AEDA ,) = (D^ ,i^ +n) . 

Notation 1.9. Let 5 : D — » E be a morphism of coalgebras in a cocomplete coabelian monoidal 
category Ai with left exact tensor functors . By Proposition \1.7\ ((J) Ag )jgw, (£j )j,<j^n) is a direct 
system in Ai whose direct limit carries a natural coalgebra structure that makes it the direct limit 
of ((D A z)i e iq, (o)i,jeN) as a direct system of coalgebras. 
From now on we will use the following notation 

D n ._ D ^eu^ j Qr every n g Nj 

(D B , (6)ien) := lim(^ AE ) ieN , 

where £j : D Ae — > Z?£ denotes the structural morphism of the direct limit. We note that, since D E 
is a direct limit of coalgebras, the canonical (coalgebra) homomorphisms (Si : D Ae — > E)i^, which 
are compatible by 0), factorize to a unique coalgebra homomorphism 

S-.De^E 

such that = Si, for any i € N. 



2. The Heyneman-Radford Theorem for Monoidal Categories 

Definition 2.1. Let E be a coalgebra and let 8 : X — > £ be a monomorphism in a coabelian 
monoidal category .M . Define the morphism 

p EE 

by setting 

Observe that (X A E X, if A x ) = Ker(af ). 
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Lemma 2.2. Let 8 : D — > E and let f : E —> C be coalgebra homomorphisms in a coabelian 
monoidal category A4. Assume that both 8 and f o 5 are monomorphism. Then the following 
diagram 

f 



E ■ 



is commutative. 

Proof. Note that the notations E/D and C/D make sense as both 8 and fod are monomorphisms. 
We have 



I / 
D D 



°' ,r ' = 1 7> J)) { '''' i'i> ):A,: 

= (pd®Pd) o(/®/)oA b 
= (v C d®Pd) oA c o/ = ago/. 



□ 



Lemma 2.3. Let _D and _E 6e coalgebras in a coabelian monoidal category M. Let 8 : D ^ E be 
a monomorphism which is a morphism of coalgebras in M. . Then, for every n G N, there exists a 
unique morphism r„ : D n+1 — > D n / D ® D n /D such that the following diagram 



D 



D 
D 



D n+1 



D 



is commutative. 

Proof. Consider the following exact sequence 



D n+1 



(4) 



u D 



D" 



D 



By applying the functor D n+1 /D ® (— ) we get 



0- 

We have 



D" 



— v5 %■ 



D ^ — 



D" 



8,1 



+1 



D 

$n+l 

D 



D 



8 n +l 

D n 

8 n +i 
D n 

8 n + 



d & 



D 1X1 {« 



n„+i 



r/" 



= (Pd ®Pz3") (<Wl ® <Wl) A D n+i 

= (pgOpfn) 0A B 0j n+1 =0. 



/ n"+ 1 n™ +1 \ a 



^0 
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ce 

£)n+l ' 



In fact, by Proposition ll.81 Z?™ +1 = D Ae D n . Since (8> -gfe 3 - is a monomorphism, we obtain 



< 5 > • d - a 

so that, as the above sequence is exact, by the universal property of kernels, there exists a unique 
morphism 



D „+i D „ 

n+1 — > <g> 

D D 

such that 



— ®V 

By applying the functor (— ) <S> D n /D to we get 



(6) [-p- ®^-)oA,=or JJ 



D"-t-^£>" 



We have 



D n 




D n+l 








D n+1 









°/?n 



£)n+l £n+l \ / J^n+l 

£«+l 

<g> — 

D D 

o< 1+1 =0 

where the last equality can be proved similarly to (JSJ). Since D D * ® i s a monomorphism we 
get 

' D n+i D n^ 



°Pn =0 



4T ^ 

so that, as the previous sequence is exact, by the universal property of kernels there exists a unique 
morphism 

jyn jyn 
Tn ■ D n+1 ^tL®tL_ 
D D 



such that 

' tn+l r)n 
Sn 



Finally we have 

' tn+l tn+l 
Sn ^ Sn 



D L> 



D n+1 


tn+l \ 






£ / 




D n+1 


tn+l \ 




D fi 


/ 



□ 

Theorem 2.4. Let D and E 1 6e coalgebras in a cocomplete coabelian monoidal category M. satisfying 
AB5. Let S : D — > E be a monomorphism which is a morphism of coalgebras in M. and keep the 
notations introduced in Notation M.fA 

Let f : E — > C be a coalgebra homomorphism and assume that 

f o 6 2 : D A E D -> C 
is a monomorphism. Then the coalgebra homomorphism 

foS: D E ^C 

is a monomorphism. 
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Proof. Since M satisfies AB5, it is enough to prove that / o 8 o = / o S n is a monomorphism for 
every n G N. 

For n = 0, we have / o<5o = /o0 = which is a monomorphism as D° = 0. 
For n = 1, we have / ° <5i = / ° 82 ° Ci which is a monomorphism. 

Let n > 2 and let us assume that / o S n is a monomorphism. Let us prove that / o <5„+i is a 
monomorphism. Let A : X — > be a morphism such that 

/ o S n +i o A = 

and consider the following diagram 

DA ?> n +i D 

D A D „+i D DA E D 




where all the squares are commutative in view of Lemma 12.21 and the bottom triangle commutes 
in view of Lemma 12.31 We have 



fSn A 
D D 

f6 n+1 c +1 n fS n+1 C +1 



O T n O A 

n+l \ 

o T n A 

•1 ^™+!\ 

o T n ° A 



«g O A = f 5lL_ g, SlL_ ) o Tn O A = 0. 



D D J \ D D J \ D D 

= a% o f o (5„ + i o A = 0. 

Since / o 5 n is a monomorphism, we get that also f5 n /D ® f8 n /D is a monomorphism so that we 
obtain 

T„ O A = 

and we have 

o A = I - 

D D 

Thus, since ( D A^jn+i D, i%/\ Dn+1 o^ = ker (u 1 ^ ^ , by the universal property of the kernel, there 

exists a unique morphis, A : X — » Z? A_d»+i D such that 

\ - --D" + 1 T 
A — l DA Dn+1 D ° A - 

Now we have 

foS 2 o(D A Sn+1 D) o A = fo S n+ i o A = 0. 
Since / o 62 and D A$ n+1 D are monomorphisms, we get that A = and hence A = 0. □ 

Corollary 2.5. (Heyneman-Radford) ( \BBl Proposition 2.4.2] or |Mol Theorem 5.3.1, page 65]) 
Let K be a field. Let E and C be K-coalgebras and let f : E — > C be a coalgebra homomorphism 
such that f\DA E D is infective, where D is the coradical of E. Then f is infective. 
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Proof. Since D is the coradical of E is well known that (E, Idg) = (De,S) (see e.g. |Swl Corollary 
9.0.4, page 185]). The conclusion follows by Theorem 12.41 applied in the case when M. is the 
category of vector spaces over K. Observe that in this case " monomorphism" is equivalent to 
"injective". □ 
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